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The aim of the paper is to generalize the notion of the Haar integral. For a compact
semigroup S acting continuously on a Hausdorff compact space Ω , the algebra A(S) ⊂
C(Ω,R) of S-invariant functions and the linear space M(S) of S-invariant (real-valued)
ﬁnite signed measures are considered. It is shown that if S has a left and right invariant
measure, then the dual space of A(S) is isometrically lattice-isomorphic toM(S) and that
there exists a unique linear operator (called the Haar integral)
∫
dS :C(Ω,R) →A(S) such
that
∫
f dS = f for each f ∈ A(S) and for any f ∈ C(Ω,R) and s ∈ S , ∫ f s dS = ∫ f dS ,
where f s :Ω  x → f (sx) ∈R.
© 2008 Elsevier B.V. All rights reserved.
The well-known Haar measure theorem (see e.g. [2]) states that if G is a compact Hausdorff group, then there exists
a unique linear functional (the invariant integral)
∫
dx :C(G,R) → R such that ∫ 1dx = 1 and for any f ∈ C(G,R) and
a ∈ G , ∫ f (ax)dx = ∫ f (x)dx. This fact turns out to be crucial for harmonic analysis on compact groups. To develop the idea
of invariant integral, observe that in case of compact groups, the ﬁeld R may be identiﬁed with the subalgebra A(G) of
C(G,R) consisting of all the invariant functions, which in that case are constant. From such a point of view, the invariant
integral is an A(G)-linear function from C(G,R) to A(G) which restricted to A(G) is the identity map and which is
invariant under all the translations x → ax, where a ∈ G . Under such an understanding, the idea of invariant integral may be
easily generalized to compact Hausdorff semigroups acting continuously on compact Hausdorff spaces. This generalization
is done here for semigroups which have left and right invariant measures.
1. Notation and terminology
In the presented paper all the considered topological spaces are T2 and topological semigroups are compact. By an
antihomomorphism between semigroups S and T we mean any function g : S → T such that g(xy) = g(y)g(x) for any
x, y ∈ S . For topological spaces X and Y , C(X, Y ) stands for the space of all the continuous functions from X to Y . If X is
compact, the space C(X, X), equipped with the compact-open topology, is a topological semigroup with the operation of
composition as a multiplication.
For a compact space Ω , Mes(Ω,R) stands for the Banach space of all the (real-valued) ﬁnite signed, Borel and
regular measures on Ω equipped with the standard total variation norm. The space Mes(Ω,R) may be also consid-
ered with its weak* topology, i.e., the locally convex topology induced by the family of seminorms {p f } f ∈C(Ω,R) , where
p f (μ) = |
∫
Ω
f dμ|. In that topology, the subset Prob(Ω), consisting of all the probabilistic measures μ ∈ Mes(Ω,R), is
compact.
A compact semigroup S is said to be acting continuously on a compact space X if there is given a continuous function
S × X  (s, x) → sx ∈ X such that (st)x = s(tx) for any x ∈ X and s, t ∈ S . In such a situation, if f : X → Y is any function,
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μ(M−1s (A)), respectively, where Ms : X  x → sx ∈ X . Observe that if Y is a topological space and f is continuous, so is f s .
For a compact semigroup S acting continuously on a compact Hausdorff space Ω , let A(S) be the subalgebra of C(Ω,R)
consisting of all the continuous functions f :Ω →R such that f s = f for any s ∈ S . The algebra A(S) is closed, contains the
unit of C(Ω,R) and is called the S-invariant function algebra of Ω . Similarly, let M(S) be the linear subspace of Mes(Ω,R)
consisting of all the measures μ ∈ Mes(Ω,R) such that μs = μ for each s ∈ S . In other words, μ ∈M(S) if and only if∫
Ω
f s dμ =
∫
Ω
f dμ for any f ∈ C(Ω,R) and s ∈ S . The space M(S) is closed and is called the S-invariant measure linear
space of Ω .
A compact semigroup S is said to have left [right] invariant measure if there exists a measure μ ∈ Prob(S) satisfying
the condition μsL = μ [μsR = μ] for any s ∈ S , where μsL(A) = μ(L−1s (A)) [μsR(A) = μ(R−1s (A))] with Ls : S  x → sx ∈ S
[Rs : S  x → sx ∈ S].
2. Invariant measures on compact semigroups
The classical Haar measure theorem states that if S is a group, then it has a unique left invariant measure, which is
simultaneously right invariant. On the other hand, if S is not a group, it can have no left and no right invariant measures
or, for example, it can have inﬁnitely many left invariant measures and have no right invariant ones. This issue is discussed
and the problem of existence is solved in [3]. However, it turns out that
2.1. Proposition. For a compact semigroup S, if the sets of left invariant measures and of right invariant ones are nonempty, then they
are equal and contain exactly one measure.
Proof. Let μ and λ be, respectively, a left invariant measure on S and a right invariant one. We have to prove that μ = λ. Let
A = suppμ and B = suppλ.1 Then A and B are nonempty and closed and (see, e.g., the proof of [3, Theorem 3.6]) for any
s ∈ S , the functions Ls|A and Rs|B are permutations of the sets A and B , respectively. Now if a ∈ A and b ∈ B , then Lb(a) ∈ A
and Ra(b) ∈ B . But Lb(a) = Ra(b), so ba ∈ A ∩ B and hence B · A ⊂ A ∩ B . On the other hand, B · A =⋃a∈A Ra(B) = B , so
B ⊂ A ∩ B . Analogously, A ⊂ A ∩ B and therefore B = A. Thus Ls|A and Rs|A are permutations of A for any s ∈ S . This yields
that A is a group (see [3, Lemma 3.13]) and hence there exists exactly one left invariant measure on A and exactly one
right invariant and these measures are equal. But μ and λ, “restricted” to A, are left and right invariant, respectively, so
they coincide on A. Finally, since A = suppμ = suppλ, thus μ = λ. 
2.2. Remark. As the Referee observed, Proposition 2.1 may be strengthened in the following way:
If S is locally compact and the sets of left invariant and of right invariant probabilistic measures are nonempty, then these sets are
equal and contain exactly one measure (which is both left and right invariant and supported by the compact group kernel of S).
Indeed, let μ and λ be, respectively, left and right invariant on S and A = suppμ and B = suppλ. Then, by [1, The-
orem 3.18], A [respectively B] is a right [left] group. It is easily checked that both A and B are contained in the closed
group kernel K which is both a right group and a left group and hence a group. This implies that A = B = K , because A
[respectively B] is a left [right] ideal in K . Finally, λ is ﬁnite and must be a multiple of a right Haar measure (on K ) and
therefore K is compact and μ = λ.
The property for a compact semigroup of having a left invariant measure has a deep consequence, stated in the next
theorem. But before we state it, we will recall the notion of a vector integral.
Let Ω be a compact T2 space and μ ∈ Prob(Ω). Let L be a nonempty, compact and convex subset of a locally convex
space. Then for any continuous function f :Ω → L there exists a unique a ∈ K such that ψ(a) = ∫
Ω
ψ ◦ f dμ for any con-
tinuous and aﬃne function2 ψ : L →R. The unique element a is denoted by ∫
Ω
f dμ. The vector integral has the following
property:
If K and L are nonempty, compact and convex subsets of locally convex spaces and f :Ω → K is a continuous function
with the domain compact, then for any continuous and aﬃne function Ψ : K → L the following relation holds:
Ψ
(∫
Ω
f dμ
)
=
∫
Ω
Ψ ◦ f dμ. (2.1)
1 The support of a probabilistic, Borel and regular measure ν on a compact Hausdorff space X is the set suppν =⋂{K ⊂ X: K = K¯ , ν(K ) = 1}.
2 A function g : P → Q between two convex sets P and Q is aﬃne if g((1− t)x+ ty) = (1− t)g(x) + tg(y) for any x, y ∈ P and t ∈ [0,1].
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(a) S has a left invariant measure,
(b) for any nonempty, compact and convex subset K of a locally convex space and a continuous homomorphism Φ : S → C(K , K )
such that Φ(s) is an aﬃne function for each s ∈ S, there exists a ∈ K such that Φ(s)(a) = a for all s ∈ S.
Proof. (b) ⇒ (a): Consider the set K = Prob(S) with the topology induced from the weak* topology of Mes(S,R). Let
Φ : S → K be the function deﬁned as follows: Φ(s) = μsL . Then, by [3, Proposition 1.2 and Lemma 1.4], Φ is a continuous
homomorphism. Now any ﬁxed point obtained by (b) is a left invariant measure.
(a) ⇒ (b): Let μ be a left invariant measure on S . Take any u ∈ K and put g : S  s → Φ(s)(u) ∈ K . The function g is
continuous and a = ∫S g(t)dμ(t) is the searched for ﬁxed point. Indeed, if s ∈ S , then, by (2.1):
Φ(s)(a) =
∫
S
Φ(s)
(
Φ(t)(u)
)
dμ(t) =
∫
S
Φ(st)(u)dμ(t) =
∫
S
g(st)dμ(t) =
∫
S
g(t)dμ(t) = a,
where the one before last equality follows from the fact that μ is left invariant. 
Clearly, the analogous result can be obtained for right invariant measures. Namely:
2.4. Lemma. For a compact semigroup S the following conditions are equivalent:
(a′) S has a right invariant measure,
(b′) for any nonempty, compact and convex subset K of a locally convex space and a continuous antihomomorphismΦ : S → C(K , K )
such that Φ(s) is an aﬃne function for each s ∈ S, there exists a ∈ K such that Φ(s)(a) = a for all s ∈ S.
Consider the spaces C(Ω,R) and Mes(Ω,R) with the supremum norm topology and with the weak* one, respectively.
For f ∈ C(Ω,R) and μ ∈ Mes(Ω,R), let ΔS ( f ) and ΔS (μ) denote the closures of the convex hulls of the sets { f s}s∈S and
{μs}s∈S , respectively.
2.5. Proposition. Under the foregoing conditions, we have:
(i) if S has a right invariant measure, then ΔS ( f ) ∩A(S) = ∅ for each f ∈ C(Ω,R),
(ii) if S has a left invariant measure, then ΔS (μ) ∩M(S) = ∅ for each μ ∈ Mes(Ω,R).
Proof. Since the function S  s → f s ∈ C(Ω,R) is continuous and the set {μs}s∈S is norm bounded, the sets ΔS ( f ) and
ΔS (μ) are compact. Further, for any s ∈ S the functions
Φs :ΔS ( f )  g → gs ∈ ΔS ( f ) (2.2)
and
Ψs :Δs(μ)  λ → λs ∈ Δs(μ) (2.3)
are well deﬁned, continuous and aﬃne. What is more, the mappings Φ : S  s → Φs ∈ C(ΔS ( f ),ΔS ( f )) and Ψ : S  s → Ψs ∈
C(ΔS (μ),ΔS (μ)) are also continuous3 and Ψ is homomorphism, while Φ is antihomomorphism. Thus the claims follow
from Theorem 2.3 and Lemma 2.4. 
It will be shown (see Corollary 3.3 below) that the sets ΔS ( f )∩A(S) and ΔS (μ)∩M(S) are singletons, provided S has
a left and right invariant measure.
3. Haar integral
From now to the end of the paper S is a compact semigroup having left and right invariant measure which acts continuously on a
compact space Ω .
First we shall explore the structure of the space M(S).
3.1. Proposition. If μ ∈M(S), then |μ| ∈M(S).
3 The continuity of Φ follows from [3, Proposition 1.2] and the proof of the continuity of Ψ (and Ψs) is similar to the proof of [3, Lemma 1.4].
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x ∈ S . This implies that S acts continuously on the set Ωe = Me(Ω) and that for any s ∈ S:
the function Ms|Ωe is a permutation of the set Ωe. (3.1)
Let A be any Borel subset of Ω \ Ωe . Then, since μ ∈M(S), μ(A) = μ(M−1e (A)) = μ(∅) = 0. This means that |μ|(Ω \
Ωe) = 0. Finally, by (3.1), for each s ∈ S the function Mes(Ωe,R)  ν → νs ∈ Mes(Ωe,R) is an isometric and lattice isomor-
phism and therefore |μ|s = |μs| (= |μ|). 
3.2. Theorem. The dual space ofA(S) is isometric toM(S). Precisely, for any continuous and linear functional ξ onA(S) there exists
a unique measure μ ∈M(S) such that
ξ( f ) =
∫
Ω
f dμ. (3.2)
What is more, ‖μ‖ = ‖ξ‖ and μ 0 if and only if the functional ξ is nonnegative.
Proof. First of all, observe that
∀ f ∈A(S) ∀λ0 ∈Mes(Ω,R) ∀λ ∈ ΔS(λ0):
∫
Ω
f dλ =
∫
Ω
f dλ0, (3.3)
∀g0 ∈ C(Ω,R) ∀μ ∈M(S) ∀g ∈ ΔS (g0):
∫
Ω
g dμ =
∫
Ω
g0 dμ. (3.4)
Let ξ be a continuous and linear functional on A(S). By the Hahn–Banach theorem and the Riesz type one, there exists a
measure λ ∈ Mes(Ω,R) such that ξ( f ) = ∫
Ω
f dλ ( f ∈A(S)) and ‖ξ‖ = ‖λ‖. Take μ ∈ ΔS (λ)∩M(S). Then ‖μ‖ ‖λ‖ = ‖ξ‖
and
∫
Ω
f dμ = ∫
Ω
f dλ = ξ( f ) ( f ∈A(S)) as well. Clearly, if μ 0, then ξ is nonnegative. So, it remains to show that μ is
unique, ‖ξ‖ ‖μ‖ and that if ξ is nonnegative, then so is μ.
Assume that
∫
Ω
f dμ = 0 for each f ∈A(S). Let g ∈ C(Ω,R). For f ∈A(S)∩ΔS (g) we have
∫
Ω
g dμ = ∫
Ω
f dμ = 0 and
hence μ = 0. This implies that the measure μ ∈M(S) is uniquely determined by Eq. (3.2).
The inequality ‖ξ‖ ‖μ‖ may be easily shown as follows:
‖ξ‖ = sup
{∣∣∣∣
∫
Ω
f dμ
∣∣∣∣: f ∈A(S), ‖ f ‖ 1
}
 sup
{∣∣∣∣
∫
Ω
f dμ
∣∣∣∣: f ∈ C(Ω,R), ‖ f ‖ 1
}
= ‖μ‖.
Finally, suppose that ξ is a nonnegative functional. Let g ∈ C(Ω,R) be a nonnegative function. Then every f ∈ ΔS (g) is
nonnegative as well. So, for f ∈ ΔS (g) ∩A(S) we have:∫
Ω
g dμ =
∫
Ω
f dμ = ξ( f ) 0,
which implies the nonnegativity of μ. 
As an easy consequence of the foregoing theorem and the properties (3.3) and (3.4), we obtain the following
3.3. Corollary. If S has a left and right invariant measure, then ΔS ( f )∩A(S) and ΔS (μ)∩M(S) are singletons for any f ∈ C(Ω,R)
and μ ∈ Mes(Ω,R).
3.4. Deﬁnition. The Haar integral is a function
∫
dS :C(Ω,R) →A(S) such that for each f ∈ C(Ω,R), ∫ f dS is the unique
element of ΔS ( f ) ∩A(S). The deﬁnition is valid thanks to Corollary 3.3.
Additionally, Ψ :Mes(Ω,R) →M(S) is a unique function such that Ψ (μ) ∈ ΔS(μ) ∩M(S).
3.5. Theorem. The functions
∫
dS and Ψ are linear and continuous. What is more, if λ is the unique left and right invariant measure
on S, then
∫
f dS = ∫S ft dλ(t) and Ψ (μ) = ∫S μt dλ(t), where the right-hand side expressions are vector integrals and the last one
of them is calculated in the weak* topology of Mes(Ω,R). The adjoint operator of the Haar integral is the identity map fromM(S) to
Mes(Ω,R) and the operator Ψ is the adjoint operator of the identity map ψ from A(S) to C(Ω,R), which implies that Ψ is weak*
continuous.
Proof. By the basic properties of the vector integral, f̂ = ∫S ft dλ(t) ∈ ΔS ( f ) for any f ∈ C(Ω,R). What is more, since
the function Φs deﬁned by (2.2) is continuous and aﬃne, ( f̂ )s =
∫
S Φt( f s)dλ(t) =
∫
S fst dλ(t) = f̂ and hence f̂ ∈A(S), so
f̂ = ∫ f dS . Similarly, μ̂ = ∫ μt dλ(t) ∈ ΔS (μ) ∩M(S) for μ ∈ Mes(Ω,R) and therefore μ̂ = Ψ (μ). This yields that ∫ dSS
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by (3.4):(∫
dS
)∗
(ν)( f ) =
∫
Ω
f̂ dν =
∫
Ω
f dν,
which means that (
∫
dS)∗(ν) = ν . Analogously, if μ ∈ Mes(Ω,R) and g ∈A(S), then, by (3.3):
ψ∗(μ)(g) =
∫
Ω
g dμ =
∫
Ω
g dμ̂,
so ψ∗(μ) = μ̂ = Ψ (μ). 
Now we shall collect basic properties of the Haar integral.
3.6. Proposition.
(I) The Haar integral is the unique linear and continuous operator P :C(Ω,R) →A(S) such that P ( f s) = P ( f ) for any s ∈ S and
f ∈ C(Ω,R), and P ( f ) = f for f ∈A(S).
(II)
∫
1Ω dS = 1Ω and
∫
f dS  0 for f  0.
(III)
∫
f g dS = g ∫ f dS for f ∈ C(Ω,R) and g ∈A(S).
(IV) If for x ∈ Ω , μx ∈Mes(Ω,R) is the unique measure such that(∫
f dS
)
(x) =
∫
Ω
f dμx
(
f ∈ C(Ω,R)), (3.5)
then the function x → μx is a continuous (with respect to the weak* topology of Mes(Ω,R)) function from Ω onto the set of all
the extreme points of Prob(Ω) ∩M(S).
(V) The algebraA(S) has a closed supplement, which is anA(S)-ideal, in C(Ω,R); namely, it is the kernel of the Haar integral.
Proof. (I): The uniqueness of P follows from the facts that P is constant on the set ΔS ( f ) and that the set ΔS ( f ) ∩A(S)
is nonempty.
Properties (II) and (V) are immediate.
(III): This follows from the following easy formulas for g ∈ A(S), f ∈ C(Ω,R) and s ∈ S: ( f g)s = f s g and ΔS( f g) =
gΔS( f ).
(IV): The continuity of the function follows from its deﬁnition. We only have to show the surjectivity and that μx is an
extreme point of Prob(Ω) ∩M(S). Easily, μx ∈M(S). So, μx represents an element of the dual space of A(S). What is
more, the corresponding functional on A(S) is a character of the commutative algebra A(S). Therefore μx is an extreme
point of the set of probabilistic elements of M(S). What is more, the extreme points of such sets for the dual spaces of
uniform algebras are exactly characters. This gives us the surjectivity. 
3.7. Examples. Let S be a nonempty compact Hausdorff space.
(A) The space S with the multiplication x∗ y = x is a compact semigroup. It naturally acts on itself. Observe that Ms = Ls is
a constant mapping with the only value s. Hence, if card S  2, then M(S) = {0} and A(S) consists of all the constant
functions. This example shows that if S has no left invariant measures, then the Haar integral can not exist and the
dual of A(S) may not be even isomorphic to M(S).
(B) Now let the multiplication on S be given by the ‘inverse’ formula: x ∗ y = y. Then Ms = Ls = idS and thereforeM(S) =
Mes(S,R) and A(S) = C(S,R). In that case the Haar integral exists—it is clearly the identity map. Also Theorem 3.2
remains true. However, if we add to the semigroup S the neutral element e /∈ S and consider the compact semigroup
T = S unionsq {e} with the topology of the disjoint union of the topological spaces S and {e}, then Mt |S = idS for each t ∈ T
and therefore it is easy to prove that M(T ) =M(S) ⊂ Mes(T ,R), which is inﬁnite-dimensional, provided the set S is
inﬁnite. On the other hand, if f ∈A(T ), then f (t) = f (te) = ft(e) = f (e) and hence f is constant. So, the space A(T )
is one-dimensional. The example shows that the existence of left invariant measures is not suﬃcient for the existence
of the Haar integral and for satisfying Theorem 3.2.
The same results as presented here hold true in case of continuous right actions of compact semigroups, i.e., in case of
continuous functions Ω × S  (x, s) → xs ∈ Ω such that (xs)t = x(st) for any x ∈ Ω and s, t ∈ S .
We end the paper with the remark that every compact group and every compact Abelian semigroup has a left and right
invariant measure. So, the presented ideas work in those cases.
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